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Abstract. The dynamics of a vortex string, which describes the Nambu-Goldtone modes
of the spontaneous breakdown of the target space D=4, N=1 supersymmetry and
internal RU )1( symmetry to the world sheet ISO(1,1) symmetry, is constructed by using 
the approach of nonlinear realization. The resulting action describing the low energy 
oscillations of the string into the covolume (super)space is found to have an invariant 
synthesis form of the Akulov-Volkov and Nambu-Goto actions. Its dual scalar field
action is obtained by means of introducing two vectorial Lagrangian multipliers into the 
action of the string. 
2I. Introduction
Topological defects can form as a result of some types of symmetry breaking if the 
system has non-trivial degenerate vacua. Examples include the formation of domain walls 
if the vacuum manifold M has disconnected components [1]; the formation of string
topological defects, such as the Nielsen-Olesen vortex lines, if M is not simply connected
[2]. In elementary particle physics, the known symmetries of these particles are actually 
originated from a larger symmetry group G after a series of spontaneous symmetry 
breakings. In the cosmological context, it implies that the early universe has gone through 
a number of phase transitions, with one or more types of topological defects, such as the 
cosmic string, possibly having formed and being left behind [3].
    Vortex string topological defects and their theory have attracted much attention, in 
particular on the structure of the vortex moduli space for non-abelian as well as abelian 
theories [2,4,5,6,7,8]. In brane world scenarios, particular attention has been focused on 
the vortex string itself, which is deemed to be especially useful when considering 
localization of gauge fields by using warped compactifications [9]. In addition, in Ref.[5], 
it is pointed out that the low energy dynamics of the vortex string in certain field 
configurations coincides with a two dimensional field theory. It has been found that the 
vortex string theory has a rich content and is interesting in its own right from both 
theoretical and aesthetic points of view. On these points the dynamics of the vortex string 
itself and its correlations with lower dimensional field theories merit careful investigation
and analysis.
     It has been shown that a supersymmetric string topological defect can form in N=1 
supersymmetric abelian Higgs models [7,10,11]. However, recently, a non-BPS solitonic 
string was found in an N=1 supersymmetric gauge theory [12]. There, the vacuum 
spontaneously breaks the total N=1 supersymmetry. Motivated by this, in the present 
paper we consider such a vortex topological defect (or p=1 brane), embedded in D=4 flat 
target space with the underlying theory described by the global N=1 supersymmetry 
along with an internal RU )1( symmetry. Corresponding to the breaking of the 
(super)spacetime, the dynamics of the vortex string is then described by its long wave 
oscillation modes in the target (super)space.
     Besides, it is known that the target space N=1 supersymmetry can be partially broken
down to (0,2) supersymmetry on the world sheet of the string[13], and the resulting string 
dynamics is described by the Green-Schwarz superstring theory [14]. On the other hand,
if one further introduces spinor degrees of freedom on the world sheet of the string, the 
supersymmetry can be realized as (1,1) or (1,0) instead, which leads to Neveu-Schwarz
and heterotic string theories respectively [15]. Some discussions about extended versions 
of two dimensional supersymmetry can be found in Ref.[16]. In addition, other patterns 
of partially spontaneous breakdown of two dimensional supersymmetries have been 
explored in [17]. However, since there is no observation for the superpartners for all the 
particles in the standard model of particle physics, the supersymmetry must be a broken 
one. In this regard, it is prominent to notice the non-BPS string admitted by the N=1 
supersymmetry theory in [12]. Therefore, in this context we consider the Nambu-
Goldstone modes of such an oscillating vortex string, which correspond to the 
spontaneous breakdown of the target space full N=1 supersymmetry to D=2 ISO(1,1) 
3symmetry on its world sheet. The R symmetry could also become a broken one, and this
has been realized in both the dynamical and the spontaneous supersymmetry breaking 
theories [18-20]. 
    As for the spontaneous symmetry breaking, the approach of nonlinear realization
has been demonstrated a natural, economical and elegant framework for treating it.
Actually, this method has been applied to a wide range of physical problems most 
notably in the form of nonlinear sigma models, supersymmetry and brane theories [13, 
21, 22]. There, the Lagrangian is invariant with respect to the transformations of some 
continuous groupG , but the ground state is not an invariant ofG but only of some 
subgroup H . In this context, the resulting phenomenological Lagrangian becomes an 
effective theory at energies far below the scale of spontaneous symmetry breaking.
Consequently, the effective action can be expressed in terms of the dynamics of the
Nambu-Goldstone fields.
    In this paper, setting aside the Green-Schwarz formalism [13, 14], we put special 
emphasis on the string dynamics from the point of view of an effective two dimensional 
field theory and construct its dual form. The purpose of the research work has two 
respects. The non-BPS vortex string totally breaks the target space supersymmetry, and 
the symmetry breaking becomes manifest in terms of the inhomogeneous transformations 
of the Goldstone (Goldstino) fields through the approach of nonlinear realization. As a 
result, the Maurer-Cartan one-forms naturally give us the dynamics describing its 
oscillations into the codimensional (super) space. On the other hand, the dual form of the 
string action is constructed. We hope that it could shed some light on the correlations
between the vortex strings resulting from embedded higher dimensional target spacetime
and two dimensional field theories.    
    The organization of this paper is as follows. In section II, the subgroup )2()1,1( SOSO 
is taken as the stability group. The string topological defect therefore totally breaks the 
target spacetime supersymmetry and R symmetry. The centrally extended N=(2,2) 
supersymmetric algebra is constructed through dimension reduction, whileas the 
transformations of the Nambu-Goldstone (Goldstino) fields are derived explicitly through 
the Coset structure by using the approach of nonlinear realization. In section III, the low 
energy effective action of the oscillating vortex string is obtained by means of Maurer-
Cartan one-forms. Its dynamics, according to the interplay of the nonlinear realization 
and brane dynamics [13, 22], is described by the associated Nambu-Goldstone 
(Goldstino) modes corresponding to the collective degrees of freedom of the Coset 
manifold. In addition to the transverse long wave oscillating modes associated with the 
broken generators in the (super) space directions, the string dynamics also provides 
accommodation for the NG mode related to the broken R  symmetry. The action is found 
to have a synthesis form of the Akulov-Volkov and Nambu-Goto actions:                                 
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in which Baee ˆdetˆdet  , and  CiCie BaBaBaBa ˆ . The couplings of 
the R axion field to these NG fields are also derived by using the supersymmetric 
and R covariant derivative. In section IV, the dual scalar field action in the two 
dimensional spacetime is constructed by introducing two vectorial Lagrangian multipliers 
into the string action. The resulting action is found to have the form
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are the dual scalar fields. 
II. Transformations of Nambu-Goldstone Fields
   In the four dimension target space, we consider the underlying theory with N=1 
supersymmetry and R symmetry. Their algebras have the following (anti)commutation 
relations:
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The coordinates of the target N=1, D=4 superspace are defined by { 
  ,,x }. Placing 
the vortex string along the x -axis, the world sheet of the vortex string is then 
parameterized by { 10 , xx } in static gauge. The related symmetries of the string defect are 
the Lorentz boost along the x-axis direction, i.e. the )1,1(SO Lorentz symmetry (formed by 
the generator abM , 1,0, ba ), and the rotational )2(SO invariance (formed by the 
generator 23MT  ) in the zy  plane. When the target space supersymmetry and 
the R symmetry are both spontaneously broken by the embedded vortex string, the 
stability subgroup H of the vortex string world sheet is given by the direct product of the 
symmetry groups )2()1,1( SOSO  , which is spanned by the set of unbroken 
generators },{ TM ab . These are the automorphism generators of the unbroken generators 
aP associated with the translational directions in D=2 spacetime. The broken 
automorphism generators are aK1 2aM , aK2 3aM  and R . The broken (super) 
spacetime generators are  QQ , (or sq, , see definitions in (4)) in the superspace related 
to the Grassmann coordinate directions   , and 2P , 3P  related to translational directions 
transverse to the brane.
   In D=2 dimensions, the spinor has representation of dimension 22 2/2  , which is the 
same dimension as that of the D=3 spinor representation. Taking the metric tensor as 
),( ab and ),( 12  ia  , the Majorana spinors sq, with two real components in two 
dimensions are related to the D=4 Weyl spinors Q , Q by the following relations
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Through dimension reduction the target spacetime symmetry can be rewritten as the 
centrally extended N=(2,2) supersymmetry in two dimensions, in which the number of 
fermionic charges is the same as that of N=1, D=4 SUSY. Thus one finds
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where 20  C , 2,1i ; ],[
2
baab i   , 1,0, ba . The central charges 1Z , 2Z are 
identified with the two spatial translation generators 2P and 3P , i.e. ),(),( 3221 PPZZZi  .
The commutation relations of the generators M andT ( 23MT  ) with these of the Coset 
manifold are given by                               
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where MM abab  , ),(),( 321 sqi   , 112  . The remaining communication 
relations are
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     The Coset representative elements HG / = )2()1,1(/ SOSOG  with respect to the 
stability group H can be exponentially parameterized as 
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in static gauge. The induced transformations for the collective coordinates
rux iiii
a ,,,,,  parameterizing the Coset space can be derived from the left action of full 
group elements on . Since the full symmetry groupG is broken down to the subgroup
'H (formed by the set },,{ TMPa ), a Nambu-Goldstone bosonic field corresponding
6to R symmetry breaking is therefore expected, and it becpmes necessary to include its 
dynamics in the string’s full actions.
    Consider the transformations of the Nambu-Goldstone (Goldstino) fields induced by 
the left action of full group element g                                                                         
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on the Coset representative elements . The result can be uniquely decomposed as the
product of the new Coset '  and the element of H , i.e.
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and the stability group element can be written as 
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   Note that the Lie algebras of Lorentz group have the same complex extension as that of 
the group )2()2( SUSU  . Accordingly, after redefining generators 
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the following commutation relations are obtained:
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Applying Baker-Campbell-Hausdorff formulas extensively to Eq.(15), up to the first 
order of the parameters of g , leads to the induced general infinitesimal coordinate 
transformations along with those of the Nambu-Goldstone (Goldstino)fields on the two 
dimensional world sheet:                                                                            
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As a result, the Nambu-Goldstino fields are found to transform inhomogeneously, and 
these inhomogeneous terms explicitly signal the breakdown of the supersymmetry. As for 
7the spacetime symmetry breaking, the Nambu-Goldstone fields are those associated with
the broken (super)translations only [23]. The Nambu-Goldstone fields aiu are actually 
superfluous (non-dynamic) and can be eliminated by the inverse Higgs mechanism [24] 
(also see Eq.(32)). Their transformations, however, can be obtained by considering the 
infinitesimal transformations of the Nambu-Goldstone fields 'Au , 'Bv and 1b , 1 through 
Eq.(15), i.e.
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where '''' BABA mumu  , ''2' AAA uuu   etc, and 'Au , 'Bv , 'Am , 'Bn , 1b , 1  are related to 
a
iu ,
a
ic ,b ,   through Eqs.(10,13,15) up to field redefinitions.    
III. Effective Actions
   As a result of Eqs.(16,17), the NG fields nonlinearly spontaneous break the 
supersymmetric and R symmetries. The effective actions of the string can be constructed 
by using the Zweibein and connection one-forms from the Coset structure  d1 , which 
can be explicitly expanded with respect to the G generators as
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Under the transformation of Eq.(10) the Coset transforms as ' , and the Maurer-
Cartan one-forms transform according to
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Obviously, all the one-forms transform homogeneously underG except the connection 
one-forms M and T , which transform by a shift. The covariant coordinate one-forms 
A transform as the Zweibein Abe on the tangent bundle to HG / , while TM  ,
8transform as connections to this bundle. The Zweibein 
A
be can be obtained by expanding 
the covariant coordinate one-forms A with respect to the general coordinate differentials 
bdx , i.e. 
A
b
bA edx . On the other hand, the connection one-forms M and T can be 
used to construct the covariant derivatives for the fields localized on the brane world 
volume [25]. These are the building blocks that can be used to construct the invariant 
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in which 1,0, BA . The capital letters BA,  are used to represent the covariant spacetime 
coordinate indices, and the lowercase letters ba, are used to represent 11 general 
coordinate indices in what follows. Considering Ab
bA
b
bA edxed   in static gauge, the 
Zweibein is therefore found to be
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by  CiCie BaBaBaBa ˆ [26]. Under the transformations of Eq.(19), the 
covariant coordinate differentials transform as
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A
BL is the local H representation with vector indices. As a result, the transformation 
of Zweibein induced by Eq.(23) has the property
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9In addition, AP  is invariant under the action of )2(SO , therefore the induced total 
variation of Zweibein is a )2(SO scalar, i.e.
                                                         0)()2( 
B
aSO e                                                         (25)
Obviously, under the R transformation (16), the total variation of Zweibein is R invariant
according to Eq.(19):
                                                           0)( BaR e                                                           (26)
In order to construct the action of the R axion related to the broken R symmetry, from 
Eq.(18) one finds 
                                             rReirRidxidrRRi a
a
A
A
a
a
R  1                              (27) 
The covariant derivative is then given by
                                                              rer a
a
AA  1                                                    (28)
in which it has a covariant coordinate index A . Under the transformation of Eq.(16) it is 
also R invariant 
                                                             0)(  rAR                                                        (29)  
    Furthermore, in Eq.(22) one may note that there are no derivative terms for the 
Nambu-Goldstone fields aiu . As a result, they have no dynamical degrees of freedom. 
These superfluous fields can be eliminated by using their equations of motion or by 
imposing covariant constraints on the system. Imposing 0z  as the covariant 
constraint on Eq.(20) yields    
                          
iz
 )( jj dd   jiU )(cosh              
                                  Bdx( jBBB uCidCid )  jiUUU )tanh(cosh 2
1
       
                                Ba
adx ( jBBaBa CiCi   )( jiU )(cosh
                                   jBu ))tanh(cosh 2
1
jiUUU

                               Ba
aedx ˆ jB( jiU )(cosh ))tanh(cosh 2
1
jijB UUUu

                               0                                                                                                    (30)
Hence one can find               
                                                  iB jBu jiUU )tanh( 2
1
,                                     (31) 
or inversely,
                                                 iBu  jB jiUU 12
1
))tanh( 

.                                   (32)
Introduce a new quantity 
                                                 'kk B kH   'B k = 2 '(tanh ) kkU                                   (33)
Plugging Eq.(32) into ja
a
iij uuU  amounts to
                                   
1
12( tanh )ij ik B kU U U 
  
1
12
' '( tanh )
B
k k jU U
         
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                                         jkkkik UUHUU '
12
1
'
12
1
)tanh()tanh( 
                            (34)        
The Zweibein is secured as                          
                   Aae =
A
jijiB
A
B
B
a uUUue ))1(cosh((ˆ
1   ))sinh( 2
1
A
jijiB uUU
 
                       ))sinhtanh1(cosh(ˆ 2
1
2
1
l
A
kljkijiB
A
B
B
a HUUUHe  

                       ))11((ˆ 2
1
2
1
l
A
kljkijiB
A
B
B
a HHHe  

                                      (35)
By using Eq.(35) the metric tensor of the two dimensional world sheet becomes
                                                  AB
B
b
A
aab eeg        
                                                        )(ˆˆ ''''
''
iBiABA
B
b
A
a ee                                      (36)
The transformation properties of iiZi under the action of H can be concluded by 
considering Eqs.(6,19). It follows that i  is a )2(SO vector but a )1,1(SO scalar. Therefore
the total variation is
                                                          0)( '')2(  iBiASO  .                                          (37)                                                                                                         
Considering Eq.(16), one can show it is also R  invariant
                                                          0)( ''  iBiAR                                                  (38)
Besides, in the case of R variation of  CiCie BaBaBaBa ˆ , after plugging 
in Eq.(16) one finds
                                                                0)ˆ( BaR e                                                      (39)
Under the general coordinate transformations of Eq.(16), by using Eq.(24) one can find 
the following invariance
                        AB
B
ba
b
a
b
A
b Lex
x
x
x
xdexdgxd detdet
'
det
'
det'det''det' 222 



                                             |det|det 22 gxdexd Bb                                                 (40)
Therefore, considering Eqs.(37,38,39), the )2()1,1( SOSO  and R invariant effective action 
of the vortex string is found to be
                            )det(ˆdetdet ''''220 iBiABAexdTgxdT      
                                 )det(ˆdet2 jAiAijexdT                                                (41)                      
As a result, it follows that the string action takes a factorized form of Akulov-Volkov and 
Nambu-Goto actions. Moreover, considering Eqs.(28,29), the action of the R axion field, 
which is invariant under both the supersymmetric and R symmetries, is given by
                                        rrexdTgxdT A
A
RRRR   detdet 22                   (42)        
Consequently, the total effective actions of the vortex string describing its long wave 
oscillations into the target (super)space as well as the internal R space are found to be                                                                           
                                  R 0       
                                       )det(ˆdet2 jAiAijexdT  rrexdT AAR   det2   (43)
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where eˆdet is the determent of Baeˆ , andT stands for string tension. RT  is related to the 
coupling of the R axion field to other Nambu-Goldstone(Goldstino) fields. 
    If instead the R symmetry is not broken, then the stability subgroup takes the form
1H RSOSO  )2()1,1(  which is spanned by the set of unbroken generators },,{ RTM . 
Such a p=1 brane topological defect then breaks the fullG symmetry down to the 
subgroup '1H  (formed by the set },,,{ RTPM a ). As a result, its Coset becomes
11 / HG = RSOSOG  )2()1,1(/ , whileas the representative elements are 
parameterized as 
                                              ia
a
iiiiia
a KxiuxZxiPix eee )())()((1
 
                                                   ia
a
iiiiiiia
a KxiusxqxZxiPix eee )())()()((                                    (44)
in static gauge.                                    
      By means of Eq.(8), one finds
                                                          irRe1 .                                                          (45)
It further leads to 
                      )( 1
1
1
1 irRirR eded  
                                  irRirRirRirR deeede   )( 111
                                    iAAkizisiqA
AirR KZsqPie
iiii 11111
( 
                                     irRirRirRRMT deeeRMT
 )111 
                                 )( RMTKZsqPi RMTiA
A
kizisiqA
A
iiii
     (46)  
It can be shown that
AA
1  ; ii zz 1  ;
iii qsq
iriir 1)sinh()cosh(   ;
iii ssq
iriri 1)cosh()sinh(   ;
A
k
A
k ii
  ; TT 1  ; MM 1  ;
                                                     idrRidrRRR  1 .                                            (47)
Since R is the automorphism generator of the supercharges and commutes with the 
Poincare group generators, it is obvious that the R symmetry one-forms vanishes 
in 1
1
1   d , i.e. 01 Ri R . Furthermore, it can be shown that the covariant coordinate 
one-forms AA  1  is also R invariant when '11  . In this context, in accordance 
with the expansion Aa
aA edx 11  , the effective action of the string is purely described by 
Eq.(41), i.e., the invariant synthesis form of the Akulov-Volkov and Nambu-Goto 
actions:
                                               120 det exdT       
                                                     )det(ˆdet2 jAiAijexdT                          (48)  
    It is possible for the matter and gauge fields to be trapped on the brane in the presence 
of topological defects [27, 28], and the localized matter degrees of freedom on the brane 
world volume can be introduced by using the covariant derivative of Eq.(28). In the 
12
action of Eq.(43), the coupling constant RT  is related to the R symmetry breaking scale, 
which might be different from the scale of SUSY breaking. As a result, the action of the 
string, which is actually described by the Nambu-Goldstone modes corresponding to its 
low energy oscillations into the covolume (super)space, can be reinterpreted as an
effective two dimensional field theory, in which the otherwise possible SUSY breaking 
terms have been integrated out.
         
IV. Dual Scalar Field Theory
    From the two dimensional point of view the effective action of the vortex string has a 
factorized form of Akulov-Volkov-Nambu-Goto actions. In what follows, a form of dual 
scalar field theory is introduced. The dual action is found to describe the dynamics of 
some scalar fields localized on the world volume, and whose metric is given by
AB
B
b
A
aab eeg ˆˆˆ   . To begin we start with the string action 
          0   )det(ˆdet2 jAiAijexdT 
               221222122112 )()()(1ˆdet  AAAAAAexdT    (49)
Introducing two vectorial Lagrangian multipliers AiL into the action gives us
                           )](ˆdet)(1ˆ[det 221
2
2
2
1
22
0 iAiA
A
ii lLelllllexdT               (50)
where iAiAl  , iAiAil  2 . Applying the equations of motion of i amounts to
                                                       0)ˆˆ(det 1   AiaAa Lee .                                                  (51)
Introduce two vector density quantities aiF with weight 1
                                                             Ai
a
A
a
i LeeF
1ˆˆdet                                                  (52)
Considering Eq.(51), their solutions are found to be
                                                                ib
aba
i AF                                                      (53)
where the fields iA  transform as scalars in the 1+1 dimensional spacetime. Define the 
covariant vectors
                                                     Ai
b
Aab
b
iabia LegFge
F 1ˆˆˆ
ˆdet
1                                       (54)
Therefore one has
                                                          abjbia
B
jiB gFFLL ˆ                                                   (55)
Note that 
                                       )(ˆˆdetˆdet 1 iaia
a
A
A
iiA
A
i eLeLe                                      (56)
Considering Eq.(51) and integrating by parts, the i dependent term in Eq.(56) can be 
eliminated form the action. Hence, Eq.(50) becomes
                         )]ˆ(ˆdet)(1ˆ[det 1221
2
2
2
1
22
0 ia
a
AiA
A
ii elLelllllexdT           (57)
in which i are given by Eq.(21). Solving for the equations of motion of iAl leads to
13
                               
2
21
2
2
2
1
2
221
2
211
1
)(1 lllll
llllll
L
i
AAA
A

 , 
2
21
2
2
2
1
2
121
2
122
2
)(1 lllll
llllll
L
i
AAA
A

                (58)
Then the complete dual form of action (57) has the following form
                              221222120 )()1)(1([ˆdet LLLLexdT
                                    )(ˆ 1111 

aa
a
A
A ieL )](ˆ 2212  aaaAAeL   (59)
By using Eq.(52) it can be shown that AiL Aaai eeF ˆˆdet 1 . Define              
                               )( 111 

aaa iJ  , )( 222  aaaJ              (60)
The action (59) is converted to
                                221222120 )()1)(1(ˆ[det LLLLexdT ]iaai JF
                                     )det(ˆ[det2 jiij LLexdT  ]iaai JF
                                     )ˆdet(ˆ[det2 abjbiaij gFFexdT  ]iaai JF       
                                     )ˆdet(ˆdet[2 cbiciaba gFFgxdT  ]iaai JF                     (61)
where AB
B
b
A
aab eeg ˆˆˆ  . Therefore the action that describes the dynamics of the scalar 
fields iA localized on the world sheet with the metric AB
B
b
A
aab eeg ˆˆˆ  is secured as               
               )ˆdet([20 ibiaab FFgxdT   ]iaai JF           
                     )ˆˆ
ˆdet
1
ˆdet([ ''''
2
idic
dccb
bcabab AAggg
gxdT    ]iaibab JA      (62)
As a result, this action, as a two dimensional field theory, gives us a scalar field theory 
that is dual to the action of Eq.(41). 
   On the other hand, if one turns to the geometrical structure of the vortex string, the
sting’s geometrical and physical characteristics would be inevitably involved in the 
action. For example, the action could be supplemented with an extrinsic curvature
coupling term as embedded in a higher dimensional target spacetime [29]. Furthermore, 
in the context of spontaneous symmetry breaking due to the non-abelian vortex string, the 
inclusion in the effective action of the NG modes arising from oscillations in the internal 
space would become natural and necessary. In such a case, in addition to the position 
moduli space discussed here, the moduli space of the vacuum is enlarged to include the 
internal Coset space of G/H, where G is the global internal symmetry of the theory, and H 
is the symmetry which leaves the vacuum invariant [6,7,10,11]. Therefore, the string 
dynamics, whose moduli space includes both spacetime and internal space symmetry 
breaking, would be of interest to the general theory of vortex string and is worthy of 
further exploration and investigation.   
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